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,  FOREWORD 


The  present  report  constitutes  an  unclassified 
version  of  a  classified  paper  presented  at  the  23rd  Navy 
Symposium  on  Underwater  Acoustics,  Washington,  D.C., 

30  November  -  2  December  1965  (ONR  Symp.  Rept.  ACR-115 
(confidential) ,  p .51) . 
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ABSTRACT 


Regarding  the  spectrum  of  turbulent  boundary-layer  (TBL) 
pressure  averaged  ov<=*r  a  flush  or  shielded  area,  two  distinct 
wavenumber  domains  are  distinguished:  (1)  the  domain  of  convective 
wave  numbers  K  >  uu/U^  [U^  =  asymptotic  flow  velocity,  K  =  (KpK^)  ] 
such  that  boundary -layer  eddies  of  frozen  shape  convected  downstream 
at  speed  u  <  can  generate  pressure  fluctuations  of  the  given 
frequency;  in  this  domain  the  wavenumber -frequency  spectrum  of  TBL 
pressure  P(TC,cu)  has  a  broad  peak;  (2)  the  domain  of  relatively  low 
wavenumbers  where  the  response  function  for  pressure  on  the  area  in 
question  has  its  largest  magnitude.  For  a  circular  flush  area  of 
radius  Rq,  the  contribution  to  the  average-pressure  spectrum  Qq(ui) 
from  the  high -wavenumber  domain,  for  iuR^^/U^  »  1,  varies  as 
R^.  If  P(K,iu)  averaged  over  the  angle  of  K  is  substantially  con¬ 
stant  (wavenumber -white)  for  most  K  <  2ttR”\  the  contribution  to 
Qo(o>)  from  the  low-wavenumber  domain  varies  rather  as  R~^.  A 
further  low-wavenumber  contribution  due  to  compressibility 
(K  <  uu/c,  c  =  sound  speed),  for  u)Rq/c  <  1,  will  be  independent  of 
Rq.  In  the  average -pressure  spectrum  on  an  area  separated  from 
the  flow  by  a  fluid  layer  of  depth  L,  the  high -wavenumber  contri¬ 
bution  is  indicated  to  be  reduced  relative  to  an  equal  flush  area 

2 

much  as  though  averaged  not  over  the  actual  area  ttR^  but  over  the 

entire  lateral  area  of  the  layer  face;  in  the  limit  of  a  laterally 

infinite  layer,  a  residual  reduction  factor  —exp  (-2u)L/Uro)  instead 

applies.  The  low-wavenumber  contribution  is  reduced  rather  as 

2 

though  averaged  over  an  area  ttR  (if  R  £  R  )  where 
2  2  2  ^  ^  o 

R~  =  (1/4)[(uj/c)  +  (1/2)L  ].  With  reference  to  noise  reduction 

for  an  array  of  shielded  elements,  the  effect  of  the  increased 

correlation  distance  is  also  considered. 

Regarding  the  scaling  of  TBL  pressure  on  a  flush  area  in 

2 

the  high-frequency  range  juv/v.v  >0.1,  the  probable  length  scale  for 


the  high -wavenumber  part  is  the  viscous -sublayer  parameter  v/v*. 

If  this  contribution  predominates  in  the  point -pressure  spectrum 

2  2  2 

P(u>),  the  scaling  law  is  P(ui)  =  p  vv*H+(u)v/v*)  with  H+  some  function 

of  the  dimensionless  argument.  In  the  average -pr es sure  spectrum 

Q  (u>)  on  a  large  area  (wR  /U  »  1)  in  the  high-frequency  range, 
o  o  ® 

the  high -wavenumber  contribution  similarly  conforms  to  the  scaling 

_3  2  2.  2 

law  Q0+(u>)  --  (tuR0/vJt)  p  vv*L+(u)v/v^)  .  The  low-wavenumber 
contribution,  if  P(K,w)  is  wavenumber -white  for  K  <  2ttR~\  conforms 
rather  to  the  conventional^large-area  scaling  law 

Qo_(o))  -  2(ujRc/Ua5)  '2p26*U^G_(iu6llf/lToB)  ,  where  6*  is  the  TBL  displace¬ 
ment  thickness.  The  rate  of  decrease  of  flow  noise  with  distance 
aft  may  be  much  less  than  would  be  inferred  from  the  conventional 
scaling  law. 
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DOME  EFFECTIVENESS  AND  THE  SCALING  AND  AREA 
DEPENDENCE  OF  BOUNDARY-LAYER  PRESSURE  SPECTRA 
VIEWED  WITH  REGARD  TO  CHARACTERISTIC  WAVENUMBER 

RANGES* 


D.  M.  Chase 
TRG  ,  I ncorpot ated 

A  Subsidiary  of  Control  Data  Corp. 

Route  110 

Melville,  New  York 

In  the  design  of  sonar  systems,  achievement  of 
optimum  configurations,  or  positive  control,  for  flow 
noise  depends  on  adequately  understanding  its  generation 
by  pressure  fluctuations  associated  with  a  turbulent 
boundary  layer.  In  our  efforts,  we  have  to  guard  against 
ovcrreliance  on  theoretical  restatement  of  empirical  | 
observation,  which  we  may  extrapolate  beyond  its  range  ofj 
validity,  and  against  use  of  o''erspecializcd  theoretical  ! 
models,  which  outside  some  restricted  domain  may  be  ■ 

groundless  and  are  often  unnecessary.  In  this  paper  we 
aim  to  emphasize  certain  facts  and  presumptions,  mostly 
already  recognized,  and  use  a  corresponding  characteriza¬ 
tion  of  the  pressure  field  to  point  out  relations  depend¬ 
ing  mainly  on  the  grosser  and  more  immediately  relevant 
properties,  with  application  both  to  flush-mounted  and 
dome-shielded  elements  and  arrays. 

Wavenumber  spectrum  of  pressure;  frequency  spectrum  of 
average  pressure  on  a  large  element 

For  turbulent  flow  on  an  infinite  plane  rigid 
boundary  we  introduce  the  wavenumber-frequency  spectrum 
of  pressure  at  a  point  on  this  boundary,  P(K,o>)  — 

[k  -  (I  ,K)J  ,  and  its  integral  over  directions  of  K  in 
the  plane,  2^ 

(1)  I(K,u>)  -  /  d0  P(K,cd). 
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On  a  circular  element  of  radius  R  ,  the  frequency  j 

3pectrum  of  average  pressure  then°ig 

oo  0  i 

(2)  Q0(m)  -  /  HKK[2J1fKR())/KRo]2  1  (K  ,oj)  , 

o  i 

the  area-averaging  factor  in  brackets  approaching  unity 
as  Ro  0.  The  general  character  of  the  basic  function  i 
I  at  fixed,  relatively  high  frequency  (o>6*/U  1),  to¬ 

gether  with  the  area-averaging  factor  (with  acided  geomet¬ 
ric  factor  K) ,  is  shown  in  Figure  1.  The  broad  peak 

above  K  »  ca/U  corresponds  to  the  well  known  wavenumber 
oo  j 

range  of  convection;  i.e.,  boundary-layer  eddies  of  fro¬ 
zen  shape  convected  downstream  at  speed  u  generate  pres¬ 
sure  fluctuations  of  frequency  u>  only  via  the  wavenumber 
component  »  uj/u;  hence,  if  the  convection  speed  at  no  ! 

depth  in  the  layer  exceeds  the  asymptotic  flow  speed  U 
only  wavenumbers  K  ^  os/U^  are  Present*  Below  this  j 

peak  lies  a  "tail"  deriving  from  nonconvective  effects,  j 
that  is,  decay  and  distortion  of  eddies  in  the  shear  flow. 

I(K,o>)  in  the  convective  range  is  susceptible  to 
estimation  by  means  of  scmiempirical  models  of  the  con¬ 
vected  velocity  field,  as  by  Kraichnan  [l]  and  many 
others.  In  the  nonconvective  tail,  I  is  less  accessible 
to  theory.  But  in  average-pressure  spectra  on  elements 
with  uiR c/^OQ  »  1  this  range  is  strongly  weighted.  In 

fact,  we  reasonably  approximate  Q  as  a  sum  of  contribu¬ 
tions  Q  _  from  a  low -wave number  interval  where  the 
reduction  factor  due  to  averaging  is  not  small  and  Qq+ 
from  the  high -wave number  interval  where  I  has  its  ^  ; 


convective 

peak: 

• 

(3) 

V“>  - 

Q0_(<*>)  +  Qo+fa)  (^(Ao  » 

tnR  ^ 

(A) 

Q0.(®)  ' 

o  ? 

-  /  dKk[2  ^  (KRq)/KRo]^  I  (K  ,u>)  , 
o 

(5) 

VW  ' 

O  00  _7 

-  (4/tt)Ro  /  dKK  I  (K  ,co) 

‘^oo 

where  m  is  a  fixed  number  somewhat  large  relative  to 

unity  and  the  range  mft  ”*■  <  K  <  u/U  is  neglected.  We 

0  00 


2 


have  averaged  over  oscillations  of  J,  in  Q  ,  but  the 

1  o+ 

dependence  on  Rq  as  Rq  is  obtained  also  without  this 
approximation* 

The  low-wavenumbcr  part,  Qq  ,  can  decrease  less 
rapidly  with  increasing  R  than  as  R  "3.  For  example, 
suppose  that  over  all  K  <  mRo"  ,  except  for  a  negligible 
range  of  K  (near  K  **  0)  , 


(6)  I(K,ffl)«CRn. 

We  then  find  immediately  that 

- (2+n) 


(7) 


V  *■ 


R 


-3 


o 


(n  ^  0) 


if  0  £  n  <  1, 


if  1  <  n. 


* 

Now,  it  is  commonly  accepted  on  the  basis  of  direct  and 
indirect  measurement  that  for  a  large  element  (possibly 

with  other  restrictions)  «  Ro"2  fe.g.  see  Ref.  [2])  . 

If  so,  we  would  conclude  that  l(K,o))  varies  modestly  over 

most  of  the  range  0  <  K  <  mR  \  and  obtain  from  (A) 


(8) 


•  2R  "2I  ( 
o 


where  I(«^  R^  ,to)  denotes  a  suitable  average  but  is 

sensibly  independent  of  R*  .  Nevertheless,  we  may  not 

0  -1 

necessarily  identify  I(  ~  Rq  ,o>)  with  I(0,o)>,  which  ie 

proportional  to  the  area  scale;  i.e.  the  effective  area  i 

2  i 

scale  for  the  averaging  area  ttR  may  be  larger  than  the  j 

true  area  scale  pertinent  to  an  unbounded  area. 

*The  area^  scale,  denoting  2ttI  (0  ,o>)/P  (<«)  with 

P(a>)  “  /  dKK  I(K,a)),  would  be  a  measure  of  the  area  over 

which  the  pressure  field  is  correlated  only  if  I(K,co)  *  i 
were  fairly  flat  out  to  some  wavenumber  cutoff,  which 
would  then  be  roughly  twice  the  effective  correlation 

radius.  For  the  pressure  field  in  question,  such  is  not  ■ 
at  all  the  case. 
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At  wavenumber  K  of  the  order  of  the  sound  wave-  ! 
number  (a/c)  it  appears  quite  possible  that  the  spectrum 
I(K,o>)  has  a  local  peak  (see  Figure  1).  in  particular,  ! 
if  one  expresses  I  formally  as  an  integral  over  the 
source  field  of  velocity  derivatives  as  in  a  recent 
paper  by  Ffowcs  Williams  [3l,  and  regards  the  source 
field  as  the  same  as  for  incompressible  flow,  one  obtains 
a  divergent  expression  at  K  -  o>/c.  The  turbulent  veloc¬ 
ity  and  the  acoustic  particle  velocity  in  this  spectral 
domain  thus  seem  essentially  coupled.  If  extant,  this 
peak  produces  a  "radiative"  contribution  to  the  average- 
pressure  spectrum  in  (4)  that,  for  a* Jo.  £  1  (Rq  small 

compared  to  the  sound  wave  length)  is  independent  of  Rq.  j 

Acceptance  of  (8)  and  inclusion  of  this  possible 
radiation  contribution,  together  with  (5),  yields  a 
spectrum  depending  on  Rq  as  ""  "  ~ 

(9)  Qo(<o)  -  A(<o)Ro‘2  +  C(oj)Ro'3  +  B(<»)  I 

<“VUoo  »  “V"  <  3)- 


Noise  reduction  by  a  fluid  dome 

We  proceed  to  consider  a  dome-shielded  element.  We 
model  the  dome  as  a  fluid  slab  of  thickness  L  and  later, 
where  convenient,  will  regard  it  nominally  as  circular 
of  radius  a  (see  Figure  2).  We  refer  to  a  in  any  case  i 
as  a  measure  of  its  lateral  extent.  Here  we  imagine  a 
dome  cover  of  negligible  Impedance,  therefore  calling  the 
slab  a  fluid  dome.  This  fluid  sheath  serves  likewise  as 
the  prototype  for  a  (fairly  thin)  elastic-solid  sheath, 
provided  the  transverse  sound  velocity  c  satisfies 

c  »  U  ;  c  is  roughly  identified  with  c  as  used  here. 

We  neglect  the  effect  of  boundary  motion  on  the  excita-  { 
tion  spectrum  I(K,o>). 

Contributions  to  the  average-pressure  spectrum  | 
Q(co,-L)  on  an  element  of  radius  rQ  in  the  inner  surface 

may  be  distinguished  as  due  to  low  or  high  wavenumbers 
in  the  excitation  spectrum  I(K,o>): 


We  consider  first  the  former.  If  the  lateral  ai2e  is 
great  enough,  namely  If 


(U) 


(foL/c)  (coa/c)  A/2  «  1, 


we  find  we  may  regard  the  fluid  slab  as  infinite  in 
computing  this  part.  Thus,  w«  have 


(12)  Q_(o),-L) 


1 

dKK  [2J  L  (KRo)/KRj  2I  (K  ,to)  j  T  (K 


,0), 


which  is  the  same  as  (4)  for  a  flush  clement  except  for 

the  factor  |r|2,  where  P  denotes  the  interior  acoustic- 

response  coefficient.  For  a  rigid  inner  surface  |  r | 2  is 
given  for  radiative  and  attenuative  wavenurber  ranges  by 


(13)  |  P  (K  ,co,-L)  | 2  •  /  1  for  K  <  u)/c 

|  exp  [-2(K2-o>Vc2)1//2L  ] 
for  K  >  o)/c, 

as  illustrated  in  Figure  1.  To  obtain  a  tentative, 

indicative  result,  we  assume  that  I(K,o>)  varies  only 

modestly  over  most  of  the  interval  0  <  K  <  K  ,  where 

11  01 

K  is  the  smaller  of  mR  and  2R  ,  with  R  defined  by 
m  o  e  e 

(W)  Re'2  -  <l/4>[(Vc)2  +  <1/2)L'2]. 

We  then  find 


If  I(k,a>)  has  a  peak  at  K  *  ca/c,  the  additional  contri-  i 
bution  to  Q_(a>,-L),  for  <ea/c  »  ir,  will  be  the  ssme  as 
the  corresponding  contribution  to  Q  (o>)  for  a  flush  ele-  ; 
ment  of  the  same  sizeje.g.,  B(oi)  in°Eq.  (9)],  that  is, 
unaffected  by  the  dome  independently  of  depth. 


i 
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(15) 


Q_(«>,-L)  ^J’2r0*2I(~t0*1,a,)  sr  Qo.(<o,ro) 

|  £or  R«  <  ro  »  “^eo 

l2R/2I(~R#'1,m) '^H(R(/l<l)2q#.(«(»(>)  • 

for  R  >  r  ,  I 

o’ 

where  H  -  I  (~R  Z1  ,tn)/l  (~  R  “1,cd)  (<  1)  with  I(^R  "1,a>)  | 

a  suit.nbly  defined  average  of  I  in  the  interval 

0  <  K  <  2R  ^ •  The  element  radius  is  here  included  as  an  * 
e 

explicit  argument  in  the  spectrum  Q  for  a  flush  ele¬ 
ment.  In  the  Lorm  given  for  R  >  r°,  the  radius  R 

e  ^  o  o 

refers  to  an  arbitrary  large  (Rq  »  U^/cu)  ,  flush-mounted : 

comparison  element.  ■ 

« 

R  measures  the  spatial  ext  r,  of  correlation  of  j 

e  ■  * 

interior  pressure,  and  for  element  radius  tq  <  Re  the 

average-pressure  spectrum  (if  H~'l)  is  roughly  the  3ame  I 
as  for  a  flush  element  of  radius  Re«  The  spectrum  is 

seen  to  be  lower  than  for  a  flush  element  of  radius 
Rq(»  U (X/w)  only  for  sound  wave  lengths  £  ^R0»  ant*  then 

only  for  dome  thickness  >  R ^/2» 


6 


On  the  basis  of  Eq.  (15),  referring  still  to  the 
low -wave number  contributions,  we  may  likewise  comp  'e 
arrays  of  flush  and  of  sheathed  elements.  Optimum  con¬ 
figurations  for  fixed  active  area  depend  on  whether  the 
spectrum  I(K,aj)  declines  substantially  at  small  wave- 


numbers  K 


-1/2 


where 


*r 


1/2 


is  a  linear  dimension  of 


t  lie  array  (or  of  the  array  within  a  single  dome  section, 

if  the  dome  is  partitioned).  Thus,  if  I (  r\/  At"1/2,o>)« 

T  (''■-' R  \m)  in  the  case  of  a  flush  array,  or  if 
°-l/2  -1 

I  ('''A.  '  ,(u)  «  I  (->' R  ,<»)  in  the  case  of  a  sheathed 

array,  reduction  in  the  noise  pressure  spectrum  averaged 
over  active  area  could  be  achieved  by  packing  the  array 
as  tightly  as  possible,  subject  to  other  constraints,  to 
take  advantage  of  coherent  cancellation  by  neighboring 
elements . 


On  the  contrary  assumption  that  I  does  not  thus 
decline  or  that  tight  packing  is  excluded,  for  an  array 

of  N  flush  elements  of  radius  R  (»  U  /o>)  the  spectrum 
A  • 

Qo_(<o)  of  pressure  averaged  over  the  total  active  area 

A  is  tndenen.ient  of  R  and  varies  inversely  as  A: 

’  o 

(16)  Qo_A(cd)  ^Q0.(o,R0)A  ^  2-a'1I(~'Ro'1,cd). 


On  the  same  assumption,  for  a  sheathed  array  of  fixed 
active  area  and  maximum  total  (active  plus  dead)  area, 
the  spectrum  averaged  over  active  area  instead  has  a 
minimum  achieved  by  packing  the  array  as  loosely  as 
possible  and  choosing  the  smallest  permissible  element 
size. 


For  such  a  sheathed  array,  it  the  totnl-to-active 
area  ratio  exceeds  4  and  L  >  0.7  r  (with  H~l),  there 

is  a  maximum  frequency  below  which  the  noise-reduction 


*? 


factor  relative  to  a  flush  array  is  6  db  or  more,*  This 
is  shown  as  a  function  of  depth  L  for  element  diameters 
1.2  in.  and  4.8  in.  in  Figure  3.  At  L  *  rQ,  with  the 

sound  velocity  c  for  water  ,  we  have  to  ;/2tt  -  0.7  c/rQ 

■  13  kc/2r  with  diameter  2r  in  inches. 

'  o  o 

As  for  the  contribution  Q+((jd,-L)  from  high  wave 

numbers  [Eq.  (10)]  ,  two  principal  cor.tribution3\may  be  | 
distinguished  according  to  the  wavenumber  range  of  the  j 
response  modes  (n)  of  the  dome;  for  given  exditation  wave' 
number  K,  these  are  (1)  a"direct"part  Q+°°  due  to  modes 

with  K  ■V  K  and  (2)  an  "overlap"  part  Q  p  due  to  modes 

n  22  -21/2  + 
with  K  <  (o>  /c  +  L  )  /  such  that  acoustic  waves  are 
n 

not  highly  attenuated  at  the  inner  dome  surface: 

I 

(1?)  Q+(<o,-L)  ^  Q+°°(u),-L)  +  Q+P(u>,-L). 

The  former  remains  even  in  the  limit  of  a  laterally  in-  j 

finite  dome  (a  oo)  and  is  roughly  related  to  the  high-  , 

wavenumber  part  of  the  spectrum  Qo+(a),rQ)  for  a  flush  | 

element  of  the  same  radius  r  by  I 

o  | 

(18)  Q  00  (oj,-L) exp(-2(nL/U  )Q  (a>,r  ) .  I 

-r  CD  Ltt  tj  i 

This  quantity  is  effectively  obliterated  by  taking  j 

L  >  411^/u),  say,  e.g.,  at  <o/2tt  «=  3  kc  and  *  20  kt , 

by  taking  L  >  0.1  in. 

The  other  part,  Q+P ,  depends  explicitly  on  the 

assumed  geometry  and  lateral  boundary  conditions,  and 
also  is  not  genera  lly  anti  simply  expressible.  In  the 
model  considered,  with  typical  boundary  conditions,  how¬ 
ever,  in  a  certain  restricted  parameter  domain  based  on  ; 
lateral  largeness  of  the  dome  in  units  of  wave  lengths, 
namely  where  conditions  (11)  and  j 


If  che  elements  are  at  depth  L  in  an  interior  medium  of 
effectively  infinite  depth  rather  than  mounted  in  a  rigid 
inner  surface,  there  is  a  reduction  by  an  additional 


6  db. 
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(19)  '  (mL/c)  ^  («vi/c)  «  1 

apply,  we  derive  a  limiting  form  given  roughly,  for 
'«r  /c  <  1  ,  by 

»/  ✓vV 

(20)  Q+P<a,,-L)~  (toL/o)2F(tDa/c)(Ro/a)3Qo+((D,R0),  1 

where  F  denotes  a  certain  positive  periodic  function  with 
period  v  and  order  of  magnitude  unity  [5],  In  view  of 
conditions  (11)  and  (19),  we  may  consider  the  factor 

(ojL/c)  1.  Eq.  (20)  relates  Q+p  to  the  spectrum  ! 

Q^(<o,  Ry)  for  a  flush  element  of  arbitrary  radius 

R  C»  0  .  Q  P  is  seen  to  be  of  the  order  of  the  high 

wavenumber  part  of  the  spectrum  for  a  flush  element 
having  radius  equal  to  the  dome  radius  a  and  varies  as 

a  \  This  role  of  the  dome  size  as  an  averaging  radius  ; 
probably  persists  more  generally  than  (20).  i 

Hence  if  high  wavenumbers  (K  >  u>/U  )  dominated 

the  spectrum  (i.e.  if  Q  >  Q  ) ,  a  rather  thin  fluid  (or  ! 

*  ^  * 

solid)  sheath  of  large  lateral  extent  would  suffice  to 
reduce  flow  noise  greatly.  The  measured  area  dependence  , 
Lor  large  fLush  transducers,  (ail »  1)*  however, 

suggested  that  the  low-K  component  there  prevails,  i.e. 
Qo+  <  Qq_.  If  so,  it  follows  from  the  previous  relations 

between  QQ+(«>»R0)and  Q+(a>*,-L),  respectively,  that 

Q_(<o,-L)  >>  Q+  (c0,-L);  hence,  the  earlier  discussion  of 

low-wavenumber  contributions  applies  roughly  to  the  total 
spectrum  and,  in  particular,  a  fluid  sheath  substantially 
reduces  noise  only  if  its  thickness  is  roughly  at  least 
half  the  element  diameter.  Experimentally,  measurement  i 
of  the  noise  spectrum  for  several  different  sheath  thick¬ 
nesses,  or  different  element  recessions  within  a  fluid 
dome,  appears  to  afford  a  useful  method  for  better 
establishing  the  wavenumber  spectrum  of  boundary-layer  j 
pressure  fluctuations.  i 
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Scaling  of  boundary-layer  pressure  spectra 


We  turn  now  briefly  from  the  effect  of  doim  *-o  | 

the  scaling  of  boundary-layer  pressure  spectra  with  para¬ 
meters  of  the  flow.  This  question  is  rudimentary  to 
understanding  the  structure  and  possible  alteration  of 
Lite  pressure  field  and  to  predicting  the  dependence  of  < 
flow  noise  on  distance  aft  of  the  bow  in  a  parameter 
regime  beyond  available  measurements.  j 

With  reference  first  to  the  convective  (high-wave-j 
number)  contribution  to  spectra,  from  the  usual  relation  1 
between  boundary  pressure  and  velocity  sources,  contribu-- 
tions  are  attenuated  exponentially  with  source  depth  (y) 
in  the  boundary  layer  and  with  parallel  wavenumber  (K)  of 
the  source  component  (1 .e . ,  oc  e_2^y) #  jn  consequence,  at! 
sufficiently  high  frequencies,  since  K  >  a/U^ ,  the  pre¬ 
dominant  velocity  sources  are  those  located  in  the  i 

transition  layer  just  outside  the  viscous  sublayer,  i.e.,i 
at  a  distance  characterized  as  a  multiple  of  v/v*,  the 

thickness  of  the  sublayer  being  ~  6v/v^,  where  v  is 

* 

kinematic  viscosity  and  v^  the  friction  velocity.  Like¬ 
wise,  the  mean  velocity  in  this  region  is  characterized 

*Thus ,  in  Fig.  1  the  spectrum  for  K  >  K'  Is  due  i 

oo 

mainly  co  sources  at  y  ^  K'  .  Even  on  assumption  of 
pure  local  convection  [K^  ■  w/u(y)J  >  each  y  contributes 
up  to  values  K  somewhat  greater  than  to/u(y)  by  virtue  of 
spectral  components  with  K*  /  0.  Hence,  for  example,  the 
transition  layer  is  indicated  in  Fig.  1  as  contributing  ; 
in  a  range  of  K  that  overlaps  the  range  for  the  viscous 
sublayer.  (The  transition  layer  may  be  regarded  as  ex-  j 
tending  from  depth  y  ■  6v/v^  to  depth  equal  to  the  geo-  j 
metric  mean  of  6*  and  6v/v*.)  The  rough  upper  bound 
v^/6v  +  o/6v*  shown  on  K  is  established  as  follows.  At 
the  edge  of  the  viscous  sublayer  (and  within)  we  have 
exp  C-2ajy/u(y)J  -  exp  (-2u>v/v*2) ;  with  K.  «  a/>i(y),  this 
represents  exp(-2Ky)  for  K,  »  0;  exp  (-2Ky)  at  this  j 

depth  is  then  smaller  by  at  least  a  factor  e~2  for  such 
K^j  that  K  >  v*/6v  +  a/ 6v^  .  ; 


as  a  multiple  of  (which,  however,  at  high  Reynolds 
number  is  nearly  proportional  to  U^).  Thus,  displace¬ 
ment  thickness  6*  and  asymptotic  flow  velocity  ,  the 
parameters  pertaining  to  the  boundary  layer  as  a  whole, 

are  not,  directly  involved.  From  the  parameters  v  and  v 
of  the  Inner  layer  alone  we  can  form  a  dimensionless  fre 

2 

quency  variable  ojv/v^  ,  wavenumber  variable  Kv/v^,and 
wavenumber- frequency  spectral  density  of  pressure 

(21)  t(K,o>)  “  p2v3G+(Kv/v^  ,tiw/v£)  (K  >  o/U^  ,o>v/v*  ^0.1) 

where  the  given  restriction  to  high  frequency  and  to  con¬ 
vective  wavenumbers  roughly  insure  the  predominance  of- 
the  inner  layer  and  G+  signifies  a  function  of  the 

indicated  dimensionless  arguments.  In  the  frequency 
spectrum  P(o>)  of  point  pressure  we  distinguish  once  more 
the  high-wavenumber ,  convective  part  P+(to)  and  the 
remaining  part  P_(cd): 

(22)  P(cd)  ■  P_  (fjo)  +  P+(cd) 


Admitting  that  at  high  frequency  the  significant  veloc¬ 
ity  sources  for  the  convective  contribution  are  those 
near  the  sublayer,  one  might  still  contend  that  these 
sources  are  associated  in  substantial  degree  with  eddies 
having  one  or  more  spatial  scales  large  of  the  order  of 
6*,  and  hence  that  0*  may.  still  enter  the  pressure 
scaling,  contrary  to  forms  (21)  and  (24).  Explicit 
consideration  indicates  that  this  supposition  is  likely 
untenable.  For  example,  if  one  crudely  assumed  an  iso¬ 
tropic  velocity  spectrum  with  scale  ~  b*,  one  would  infer 
for  oob*/l,00  »  that  the  pertinent  wavenumber  range 

for  convected  sources  lies  in  the  inertial  subrange, 
where  the  Kolmogorov  spectrum  would  hold.  The  large- 
scale  properties  then  would  enter  the  derived  pressure 
spectrum  only  via  the  energy  dissipation  rate  e.  But 
in  the  constant-stress  layer  both  experiment  and  the 

usual  law  of  the  wall  yield  c  -  v^,  /0.42y,  whence  the 
eddy  scale,  contrary  to  assumption,  would  have  to  be 
•^O.Uy,  not  5*.  Examples  more  accordant  with  the  actual 
anisotropic  boundary-layer  velocity  field  may  also  be 
examined. 


*  * 


o/U 


(23)  Vjai)  -  / 
o 


oo 

dKKI  (K,«)) , 


00 


?  (to)  -  /  dKKI  (K  ,tc)  • 

o>AJ 


oo 


From  (21)  wc  then  infer  for  high  frequency  the  "inner" 
scaling  form 


(24)  P+(<o)  -  p2vv*2H+(ojv/v*2)  (ow/v^2  y  0.1). 


Likewise,  for  a  large  element  (aiR ^yAl^  »  1)  we  infev  for 
the  average-pressure  spectrum  of  Eq.  (5)* 

(25)  Q^(«>)  -  (oR^/v^)  2w#2L^fw/v*2) 


(cuv/v*2  >  0.1,  ojRyu^  »  1). 

In  some  other  domain  of  frequency  and  wuve  number, 
the  oertinent  length  and  velocity  scales  may  well  be  those 

characteristic  of  the  full  boundary  layer,  and  . 

This  presumption  is  likely  to  be  valid  at  least  in  the 

large-scale  domain  where  K  <  6*  (which  corresponds  I 
entirely  to  a  nonccnvective^part  of  the  spectrum  if 
(Db^/U^  >1).  In  such  a  domain,  contrary  to  (21)  we  have 

(26)  I  (K .to)  -  p26*3UOD3G_(K6*,0)6yUoo)  (K  <  6*”1)  . 

In  the  low-frequency  range  where  <^1  we 

infer  from  (26)  the  "outer"  scaling  form 

(27)  r»  -  <«**/«„)  <«**/V£1>- 

In  fact,  if  (26)  holds  for  K  <  Mb*  \  where  M  may  prove 
somewhat  larger  than  unity,  then  for  u^y/^oo  <  we 

can  infer  that  the  entire  spectrum  P(o>)  also  has  this 

outer  from,  since  I  (K,o>)  is  presumably  small  for 

K  >[d/2  +  <Wi'00>2]1/2  (»£•  Figure  1): 

★ 

Here  Uqo  in  the  lower  limit  in  Eq.  (5)  is  adequately 
regarded  as  a  multiple  of  v*.  ^ 
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* 


(28)  PM  -  p2t>t.l'oo3H(,rf,yUoo)  <,!>• 

Analogously  to  (28),  under  similar  conditions  we  infer 

also  irom  (26)  and  (5)  (or  the  exact  form  of  the  latter) 

a  form 'for  the  spectrum  Q  (<o)  corresponding  to  an  arbi* 

crary  averaging  radius  R  ? 

o 

(29) '  QaM  -  M0/U00)'2p26*Uoo3N(6*/Ro,  06 

<“**/”«,  <  D* 

w  A J 

If,  as  considered  earlier,  l(K,a>)  varies  little  for  most 
K  <  mR  \  which  for  0064/11  <  l  can  be  true  only  for  a 

O  T  CD  iu  * 

large  element  such  that  R  >  (n/M)6+,  Eq.  (29)  assumes 
the  simpler  form  0  ** 

(30)  qoM  -  2 («•,/''«, )*2p26,Uoo3G.(m6v/U00) 

<  1  ■  Ro  >  6*>  • 

A 

where  G_  is  identified  as  a  suitable  average  over  K6*  of 
the  function  G_  in  Eq.  (26).  Scaling  forms  (28)  and  (30) 
are  those  commonly  used  for  correlation  and  extrapolation 
of  measured  data. 

In  the  high-frequency  range  where  coD^/U^  j>  1  we 

cannot  infer  for  P_(co)  either  the  outer  form  (27)  or  the 
inner  form  (24)  without  knowled  ’,e  of  the  scaling  of 

I(K,cu)  for  6*  *  <  K  <  cq/U  •  Nevertheless,  for 

Ro  *  000 we  can  infer  from  (26)  that  Qq_  (not  Qq)  has 

the  outer  form  (29)  or,  if  I(K,o>)  varies  little  for 

0  <  K  <  mRo  \  the  simplified  form  (30).  If  also 

>,  0.1  (which  implies  »  1  at  Reynolds 

numbers  of  concern),  form  (25)  for  and  (30)  for  Q 
yield  °+  °" 

(31)  0oM  -  2(«*,/U00)'2p26*UCD30.(<06yUco) 

+  (ruH^v,) "3p 2vv3L+  (ojv/vJ)  (r0>8*><"''/vJ  >,0.1). 

a 
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From  these  rudimentary  considerations,  we  remain 

uncertain  how  P  scales  when  >  1  and  whether  P 

“  •<*  cn  - 

°r  P+  predominates  in  P(o>)  at  these  frequencies;  hence  we 

cannot  predict  the  scaling  of  point  pressure  P  (ou)  at  high 
frequency.  The  conventional  dimensionless  plot  of  meas¬ 
ured  data  is  based  on  the  outer  scaling  lew  (28) «  Wo 
know  that  diverse  data  in  fact  coalesce  rather  well  on 
such  a  plot.  For  example,  Figure  4  shows  this  for  some 
wind-tunnel  measurements  by  Willmarth  and  Wooldridge [6} 
and  by  Bull[7j.  We  disregard  the  asclssa  range  10  log 
(cob^/U^)  >  7,  since  the  finite-area  effect,  which  is 

ignored  in  these  plots,  is  substantial  there .  At  the  lower 
frequencies  the  outer  law  agrees  well  with  experiment,  as 
expected.  Now,  in  Figure  5,  we  view  the  same  data  on  the 
dimensionless  plot  based  instead  on  the  inner  scaling  law 
(24).  Since  this  law  is  well  founded(cven  for  P  \  only 

9  *' 

where  10  1or(ojv/v  “)  >  -10  and  the  area  effect  here  is 

~  2 

substantial  for  10  log(ojv/v^  )  >  -9,  we  should  consider 
only  a  limited  neighborhood  near  -10.  At  these  fre¬ 
quencies,  the  data  shown  permit  no  clear  choice  between 
the  laws,  but  appear  somewhat  to  favor  the  inner  law. 

The  question  of  pressure  scaling  has  immediate 
practical  consequence  in  the  dependence  of  flow  noise  on 
distance  aft.  Referring  now  to  a  large  transducer,  sup¬ 
pose  the  spectrum  Qq(w)  is  correctly  given  at  high  fre¬ 
quency  by  (31).  If  in  some  domain  Q  (to)  is  observed  to 

vary  with  frequency  as  co’^r>^  for  some  n,  then,  on 

*k 

assumption  that  Q  _  there  prevails,  we  should  have 

o- 


(32) 


Qo  (<o)  ~ 


Q  W^R-2U  4.84  +  l.lSn  ,0.84(1-* 

o-  O  00 


where  x  denotes  distance  aft;  whereas,  on  assumption  that 
prevails,  we  should  have 


rx-x\  n  /  \  n  /  x  .  D  -3It  2.80  +  1.87n  -0.20-0.13n 

(33)  Qo<0))~  R0  x 


Appropriate  to  the  regime  of  very  high  Reynolds  number 
we  take  -0.066  0.93  „  -0.16  0.84 

v*<  x  Uco  *  •**  Uoo  x 
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For  typical  observed  high -frequency 
roughly  n  ~  2;  with  this  vaLue  Eqs. 

respectively  the  x-depenHences  0 


spectra,  we  have 

(32)  and  (33)  yield 

-0.84  -0.46  * 

x  ,  x  . 


Even  x£  Qq_  prevails  in  toe  domain 

of  available  measurements,  the  possibility  exists  that 

for  much  larger  x  (and  the  same  upper  limit  on  oi/U  ) 

oo 

will  become  dominant,  primarily  because  the  argument 

increases  more  rapidly  with  x  (as  than 

does  ujv/v+2  (as  x^’^).  In  any  event,  the  scaling  of 
pressure  with  boundary-layer  parameters  cannot  be  re¬ 
garded  as  well  established  over  the  entire  range  of 
interest,  and,  in  particular,  the  decrease  of  flow  noise 
with  distance  aft  may  be  much  less  than  would  be  inferred 
from  the  conventional  scaling  law. 

Conclusion 

In  summary,  in  the  wavenumber  spectrum  of  boundary 
layer  pressure  at  given  frequency  we  usefully  distinguish 
low-  and  high -wavenumber  ranges,  the  latter  corresponding 
to  possible  generation  by  a  convected  eddy  field.  In  the 
frequency  spectrum  of  average  pressure  on  a  large  flush 
element,  the  high -wave number  component  varies  as  Ro”^, 

and  the  low  probably  more  as  Rq  Acceptance  of  experi¬ 
mental  indications  that  the  total  varies  roughly  as  Rq  ^ 
implies  dominance  of  the  low-wavenumber  part. 


With  regard  to  a  dome-shielded  or  sheathed  element, 
the  high -wave number  contribution  to  the  pressure  spectrum 
is  reduced  relative  to  that  for  flush  mounting  much  as 
though  averaged  over  the  lateral  area  of  the  dome  section, 
provided  the  sheath  thickness  exceeds  a  small  (frequency- 

*  In  some  range  where  R p/6*  is  small  and  ouR not  ex¬ 
tremely  larger  than  unity,  Qq_(cd)  might  have  the  form 
(25)  with  exponent** -2  instead  of  -3  on  tuR  /v^,  in  place 

of  the  form  (28),  leading,  for  Q  °C  <u  ,  to 

„  0  -2„  3.74  +  1.87n  -0.26-87l3n 

Q„*c  R  U  x  . 


\ 
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dependent)  value.  The  low-wavenumber  contribution  is 
reduced  rather  as  though  averaged  over  an  area  of  radius 
given  roughly  by  the  smaller  of  one-third  the  sound  wave 
length  or  three  times  the  sheath  thickness.  Dominance  of 
the  low-wavenumber  part  in  the  spectrum  on  a  large  flush 
element  implies  its  dominance  on  a  shielded  element.  In 
•uch  evont,  substantial  reduction  in  flow  noise  averaged 
over  the  active  area  of  an  array  of  elements  probably 
can  be  effected  by  a  sheath  or  dome  only  if  the  elements 
are  loosely  packed  and  the  dome  thickness  is  not  less 
than  the  element  radius  rQ;  reduction  then  extends  up  to 

a  certain  maximum  frequency  ( •»  0 . 1c/2ttXq  cps)  . 

The  low-  and  high -wave number  parts  of  the  wave¬ 
number-frequency  spectrum  of  boundary- Layer  pressure  at 
high  Ircqucncy  scale  with  the  flow  parameters  in  different, 
partially  discernible  way3.  The  high -wave number  part  of 
the  point  pressure  spectrum  at  high  frequency  is  expected 
to  scale  with  length  and  velocity  parameters  characteris¬ 
tic  of  the  inner  boundary  layer,  and  the  entire  spectrum 
may  well  also  scale  this  way,  rather  than  with  parameters 
used  in  conventional  dimensionless  plots,  which  are 
appropriate  at  lower  frequency.  The  inferred  dependence 
of  average-pressure  spectra  cn  distance  aft  at  high  fre¬ 
quency  differs  according  to  the  relative  contributions 
of  low  and  high  wavenumbers;  the  rate  of  decline  of  high- 
frequency  flow  noise  with  distance  aft  may  be  substantial¬ 
ly  less  than  suggested  by  the  conventional  scaling  law. 
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Figure  2.  Fluid  dome  or  sheach  . 
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Figure  A.  Experimental  boundary-layer  pressure  spectra 
plotted  vIa  (conventional)  dimensionless  variables  for 
outer  scaling  form*  (Wl,W2:i/Ref*  [6],  Bl,B2:  Ref.  [7]) 
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Figure  5.  Experimental  boundnry-ieyer  pressure 
spectra  plotted  via  dimensionless  variables  for 
inner  scaling  form.  (Data  same  as  in  Fig.  4) 
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contribution  due  to  compressibility  (K  <  u>/c,  c  =  sound  speed), 

for  u)R0/c  <  1,  will  be  independent  of  Rq.  In  the  average -pres  sure 

spectrum  on  an  area  separated  from  the  flow  by  a  fluid  layer  of 
depth  L,  the  high -wavenumber  contribution  is  indicated  to  be  reduced 
relative  to  an  equal  flush  area  much  as  though  averaged  not  over  the 
2 

actual  area  ttRq  but  over  the  entire  lateral  area  of  the  layer  face; 

in  the  limit  of  a  lateral  infinite  layer,,  a  residual  reduction 
factor  —exp  ( — 2ujL/U0C)  instead  applies.  The  low -wavenumber  contri¬ 
bution  is  reduced  rather  as  though  averaged  over  an  area 
ttR 2  (if  Re  >  Rq)  where  R~2  =  (1/4)  [  (uj/c)2  +  (1/2)L"2].  With 

reference  to  noise  reduction  for  an  array  of  shielded  elements,  the 
effect  of  the  increased  correlation  distance  is  also  considered. 

Regarding  the  scaling  of  TBL  pressure  on  a  flush  area  in 

the  high-frequency  range  ujv/vf  >0.1,  the  probable  length  scale  for 
the  high -wavenumber  part  is  the  viscous-sublayer  parameter  v/v^. 

If  this  contribution  predominates  in  the  point-pressure  spectrum 

P(uj)  ,  the  scaling  law  is  P(tu)  =  (  vv,vH+(uuv/v*)  with  H+  some  function 

of  the  dimensionless  argument.  In  the  average-spressure  spectrum 

on  a  lar«e  area  <*Ro/U-  »  1)  in  the  high-frequency  range, 

the  high-wavenumber  contribution  similarly  conforms  to  the  scaling 

9  o  .  ? 

law  Q  (i)  ( i'R  /v.J  ~/v.,.L  (or. /v.,.).  The  low-wavenumber  con- 

o-j  ** 

t;:ibution,  if  P(K,aO  is  wavenumber-white  for  K  <  2rTRQ  ,  conforms 

rather  to  the  conventional  large-area  scaling  law 

Q  (a)  rz  2(jjR  /U  )  2  ...IT  G_(i ‘..V/U  )  ,  where  6.v  is  the  TBL  dis- 

placement  thickness.  The  rate  of  decrease  of  flow  noise  with 
distance  aft  may  be  much  less  than  would  be  inferred  from  the 
conventional  scaling  law. 
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Regarding  the  spectrum  of  turbulent  boundary- layer  (TBL) 
pressure  averaged  over  a  flush  or  shielded  area,  two  distinct 
wavenumber  domains  are  distinguished:  (1)  the  domain  of  convec¬ 
tion  K  >  U)/Uro  [Uro  =  asymptotic  flow  velocity,  K  =  (K^K^)]  such1 

that  boundary- layer  eddies  of  frozen  shape  convected  downstream 
at  speed  u  <  can  generate  pressure  fluctuations  of  the  given 

frequency;  in  this  domain  the  wavenumber -frequency  spectrum  of 
TBL  pressure  P(K,uu)  has  a  broad  peak;  (2)  the  domain  of  rela¬ 
tively  low  wavenumbers  where  the  response  function  for  pressure 
i  on  the  area  in  question  has  its  largest  magnitude.  For  a 
circular  flush  area  of  radius  R  ,  the  contribution  to  the 

average-pressure  spectrum  Q  (a)  from  the  high-wavenumber  domain. 


for  wR  / U  »  1,  varies  as  R' 


If  P(K,x>)  averaged  over  the 


angle  of  K  is  substantially  constant  (wavenumber-white)  for  mos 
K  <  2^R_1,  the  contribution  to  Q  „(x)  from  the  low-wavenumber 

—  o’  ^  O  v 


-O'  _2 

domain  varies  rather  as  R 


A  further  low- wavenumber 
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